Problem Set 1

1. [2 points] Let us consider all 6-digit numbers written with digits 1, 2, 3, 4. How many of them have
four different digits?

Answer: 1560.

Solution. If we use one of the digits three times and all the other digits once, we get 4 - 6' = 480
different numbers. (There are four ways to choose one of the digits that is to be used three times. If
all the digits were different, there would be 6! different ways of arranging them in a row. But as we
have one of the digits three times, the number of permutations gets 3! times less.)

If we use one of the digits twice, another one twice, and two remaining digits once, we get (4) 2,6!2, =
1080 numbers. Indeed, there are (4) = 6 ways of picking two digits to be used twice, and after that

there are 2,62, ways of arranging the digits.

Hence, there are 480 + 1080 = 1560 different numbers that satisfy the task.

2. |2 points] The length, width and height of a cuboid are pairwise different integers. If its length
is increased by 40%, its height is increased by 75% and its width is decreased by 20%, its volume
becomes by 57.6 greater than the initial volume. Find the largest possible width of the initial cuboid.

Answer: 30.

Solution. Let x, y, 2z be the length, height and width of the cuboid respectively. After its dimensions
have been changed, the corresponding values are 1.4z, 1.75y, 0.8z. According to the task, we get that
1.4z - 1.75y - 0.082 — xyz = 57.6, and therefore zyz = 60. As x, y, z are pairwise different integers,
the largest possible value of y is equal to 30 (and the remaining dimensions are equal to 1 and 2).

3. |2 points] There are 50 litres of 100% alkali in the barrel. On the first day some amount of alkali
is taken form the barrel, and it is replaced with the same amount of water, after which the solution
is thoroughly stirred. The next day some amount of the solution is taken from the barrel, and it
is also replaced with water. It is known that the resulting solution of alkali has a concentration of
31.68%, and that the volume of liquid taken from the barrel on the second day is twice as large
as the amount taken on the first day. How much alkali was taken from the barrel on the first day?
Express the answer in litres. (All the amounts are measured in litres, and the volume concentration
is indicated in the task.)

Answer: 14.

Solution. Let us denote the amount of alkali taken from the barrel on the first day as a: (litres)
After the barrel is refilled with water, the portion of alkali in the barrel gets equal t
on the second day 2x of the mixture was taken from the barrel. Of these, 2x - 50
Hence, there are 50 — x — 50"” 2 litres of alkali remaining, which makes up 50 -0.3168 = 15.84 htres
according to the task. Therefore, we obtain an equation 50 — x — sme = 15.84, 22 — 752 + 854 = 0,
which has two solutions x = 61 and x = 14. The former value does not satisfy the task, hence, the
amount in question is equal to 14 litres.

4. |3 points]| In a trapezoid ABCD lateral sides AB and C'D are equal to each other, and tan ZCAD =
7. Find the altitude of the trapezoid given that its area is equal to 63.

Answer: 21.

Solution. Let CH and BK be altitudes of the trapezoid. Let us also denote ZCAD = « (from the
task we know that tana = 7). As the trapezoid is isosceles, triangles ABK and DCH are equal to
each other. Therefore, AK = DH and 234D — HICEAD . HETABEHD AH;FAH AH. The area
of the trapezoid A is equal to M CH = AH C’H AC Cosa ACsina. As tana = 7, We
get that cosa = 7 sin o, and so A = 1AC’2 sin? . From the task A = 63, thus 63 = —AC2 sin? o,
AC'sina = 21. We only need to notice that AC'sin « is the altitude to the trapezoid, and so the
answer is 21.
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5. [3 points] How many integer values of z satisfy the inequalityy/ /22 + % + % > x?

Answer: 4.
Solution. The domain of the inequality is given by w/2x —i—% > — , which is equivalent to the
inequality 2x —|— > 0; hence # > —2. The values z € [—2 5; 0] satisfy the initial inequality (as the

left side is non- negatlve and the rlght side is non-positive). If x > 0, raising both sides to the second

power, we obtain
9 3
24+ = > — =,
VrrIE T T

If z € (0; \/g }, the right side of the inequality is non-positive, and so it holds. Otherwise, that is

if v > \/;, squaring both sides of the inequality yields 2x + > gzt — 322 + —, 2t — 322 — 22 <0,
23 —3r—2<0, (r+1)*(x —2) <0, and thus z < 2.
Summarising the results, we obtain = € [ % 0} U (O; %} U <\/§, 2}, ie x € [—%; 2}. There are

four integer values on this interval.

. [3 points] Solve the equation /8 sin 22% + = 2cos == 2” + 2tan Z% 2” . As the answer, write down its
3
largest negative root. If it does not exist, erte 2023 1nstead.

Answer: —0.25.

Solution. Squaring both sides of the equation, we obtainm

8 2rx n 13 4 o 2TT 43 2mx LAt 27mc
sin L 4 22— 4eos2 T 4 8sin Y 4 gpan? 228
3 3 3 3 3
and so 12 cos4 21— 25 cos? 22 4 12 = 0, hence, cos? 222 = 2 or cos? 22% = 1. Since cos® 2% < 1, we

have cos 222 :i:‘[ = j:i + %k, k € Z. Substituting the values of x into the initial equation, we

get that 1ts right 81de is negative for x = i% + 3k, k € Z, and positive for x = j:% + 3k, k € Z.

Therefore, the solutions of the equation are x = j:i + 3k, k € 7Z, and its largest negative root is
- = —0,25.

. |3 points] Find the smallest value of parameter ¢ for which the equation 2 —txv/3 — 2z — 22+t* = 0
has at least one solution.
Answer: —1.

Solution. The equation is defined if 3 — 22 — 22 > 0. Completing the square in the left side of the
equation, we can rewrite it as

As both terms in the left side are non-negative, the equality can hold only if both of them are equal
to zero. The second term turns to zero either if z = —1 or if t = 0. If x = —1, the first term of the
equation becomes (—t — 1)?, and so t = —1. If ¢ = 0, the equation becomes x? = 0, which has only
one solution x = 0. Consequently, the given equation for £ = 0 has a solution x = 0, for t = —1 has a
solution x = —1, and it has no solutions for all other values of tThe smallest value of the parameter,
fro which it has at least one solution, is t = —1.

. [3 points| Solve the inequality
1 1

logy 5] —2 ~ [log, 2| — 1

As the answer write the number of integer solutions on a closed interval —4 < x < 54.
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Answer: 41.

Solution. The logarithms in the inequality exist if z > 0. As log, % = logy 55 = log, 75 — 1, the

inequality can be written as
1 1

< .
‘loggf—o‘ -2~ ‘logQ%—l} -1

Denoting log, 15 — 1 = t, we obtain the inequality

1 o1
[t+1]—2 ~ |t| -1

(1)

Let us consider three possible cases: t < —1, =1 <t <0,t > 0.

1) For t < —1 the inequality (1) is equivalent to each of the following inequalities i

1
s R

1 1 2 : T 1 T 5
t+—32t+—1,mgo,andthus—3<t<l,1.e.—3<log2m—l<—1, Z<E<1,§<SE<1O

2)If —1 < ¢ < 0 then from (1) it follows that 5 < % Wi (Hl?ﬁ < 0, and so t < —1 or
0 <t < 1. Then in this case inequality (1) has no solutions.

3) If t > 0 then (1) becomes ﬁ < ﬁ This inequality holds for all values of t > 0, except for t = 1.
From here log, ;5 > 1 and log, {5 # 2, consequently, z € [20; +-00) u 2 # 40.
All in all, the solution set of the inequality is given by z € (g, 10) U [20;40) U (40; +00). There are

41 integer solutions on the closed interval [—4; 54].
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Problem Set 2.

1. [2 points| The sides of a triangle are equal to a = 4, b = 13 and ¢ = 15. Find the radii of its
circumcircle R and its incircle r. As the answer, write the difference R — r.

Answer: 6.625.

Solution. The semiperimeter of the triangle p is equal to % = 16, and so its area A is given
by A=+/pp—a)(p—b)(p—c)=+V16-12-3-1 = 24 The radius of the circumcircle is R = % =
45’2;5 65 . The radius of the incircle is r = ’;‘ = 16 = . Therefore, R —r = 53 = 6.625.

2. |3 points] The altitude of a right circular cone is equal to 2, and the radius of its base is equal to
3. Find the largest volume of a right circular cylinder Wthh can be inscribed into the cone. (One of
the bases of a cylinder lies in the base of the cone, and the circumference of the second base lies on
the lateral surface of a cone.)

Answer: 24.

Solution. Let ABC' be the axial section of the cone (AB being its base) and let KLMN be the
axial section of the cylinder inscribed into the cone such that K € AC, L € BC', M, N € AB. Let us
also denote KL = 2r, KN = h. Using similarity of trlangles we get equations 18}; = ‘3—}5, 3= %'
Adding these two yields § ”—h + 3z =1, and consequently, h = 6”.

The volume of the cyhnder Vi 15 equal toV =7r?h = 18r% = 67" To find its maximum, we compute
the derivative V’(r) = 36r — 18r* = 18r(2 — r) and we notice that the derivative is positive for r < 2

and negative for r > 2. Therefore, = 2 is a point of maximum, and the largest volume is V'(2) = 24.

3. |2 points| The cyclist goes from a far-away village to the ferry terminal in order to catch a ferry. At
first, he goes at 12 km/h, and 10 minutes before the departure of the ferry, he increases his speed
to 16 km/h. As a result, he is 5 minutes late. How many minutes before the departure of the ferry
did he have to increase the speed to 16 km/h in order to arrive to the ferry terminal five minutes in
advance (i.e. 5 minutes before the departure of the ferry)?

Answer: 50.

Solution. Let us denote the moment he increases his speed as ¢t = 0. He gets to the ferry terminal
in 15 minutes going at 16 km/h, which means that he is at the distance of }L -16 = 4 km from the
terminal.

Let us say that in order to arrive to the terminal 5 minutes in advance he should have increased his
speed at the moment of time (—tg) (i.e. fp minutes earlier than he did it in reality). At that moment
he was at the distance of 4 + % from the terminal. Riding with the speed of 16 km/h, he would

overcome this distance in (4 + t—“) 16 = = —I— tO hours, that is in 60 ( 80) =15+ 3t0 minutes.

As he should arrive 5 minutes prior to the departure of the ferry, we get the equation t0+15+ Sto _ 5,
and ty = 40. It implies he should have increased his speed 40 minutes earlier than he did it, that is,
50 minutes before the departure of the ferry.

4. |2 points] How many 6-digit numbers are there such that they are written with digits 1, 3, 5, 7, 9
and at least two identical digits are next to each other?

Answer: 10505.

Solution. The total quantity of such numbers is equal to 5° (we choose one of five digits for each
of 6 places). To get a number with no identical digits next to each other, we can choose the first
digit in five different ways. After that, for each of the next digits we have only 4 options (we cannot
use the digit used at the previous place). The quantity of these numbers is 5 - 4°. Obviously, all the
other numbers have at least one pair of identical digits next to each other, and their quantity is
50 — 5. 4% = 10505.
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sin 67 cos b6z

5. [3 points| Find all solutions of the equation = on the open interval (0' 1).

sin wrx+cos Tx cos mr—sin Tx 72

As the answer, write the sum of the solutions. If there are no solutions on the interval, write 2023
instead.

Answer: 0.5.

Solution. The initial equation is equivalent to the equation
sin 6mx(cos mx — sin wx) = cos 6x(sin 7z + cos wx)
under condition that (sin 7z + cos wz)(cos e — sinmz) # 0, i.e. cos2mx # 0. We have:

sin 6mx cos mx — cos 6w sin mx = cos 6mx cos T 4 sin 67w sin T,

1 n
sindmr = cosdmx, tandmr =1, x = 20 + 5 n € Z.
The values that satisfy the inequalities 0 < x < %, cos2mx # 0 are x = 2—10 nr = 2%. The sum of

these numbers is equal to 0.5.

. [3 points| How many integer values of x satisfy the inequality log 5 (3 — 27T — 1) > x?
Answer: 2.

Solution. The inequality is equivalent to the system of inequalities

27 — 1 >0,
3-277—1>0,
3—V2 T —1<272

Substituting y = 27, we get y > 1, /y —1 < 3, 3 —y < y/y — 1. The first two inequalities yield
1 <y < 10. And the third inequality can be solved as follows:

3—y <0,

y—1>0, v

50 < {y§3, Sy>2
y="u 2<y<5

{(3—y)2<y—1

Therefore, 2 < y < 10, and thus 2 < 277 < 10, 1 < —z < log, 10, z € (—log, 10; —1). There are two
integer values on this interval; they are xr = —3 and x = —2.

. [3 points] Find the number of integer values of parameter ¢ such that for each of them the equation
Vat + 2?2 — 5t2 = \/a* — 4tz has exactly one solution.

Answer: 3.

Solution. The equation is equivalent to 2% 4+ 22 — 5t = 2% — 4tz under condition that z* — 4tz > 0.
The solutions of the equation are x1 = —5t and x5 = t. When substituting x; into the inequality, we
obtain z(x3 — 4t) = 5t2(125¢* + 4) > 0, which holds for all values of ¢. Therefore, x; = —5t is a root
for any ¢. For zo = t we have x(x® —4t) > 0, t*(t* —4) > 0, which is true if ¢ € (—o0; —2]U0U[2; 00).
The roots x1 = —5t and x5 = t coincide if ¢ = 0. Consequently, the initial equation has two distinct
solutions if t < —2 or t > 2, and it has one root if —2 < ¢t < 2. All in all, there are three integer
values of parameter that satisfy the task.

. [3 points] Diagonals of a quadrilateral PQRS intersect at point O. It is known that PR 1L QS,
PS || QR, QR =91, OS = 12, and the radius of the incircle of triangle ORS is equal to 5. Find the
radius of the incircle of triangle OPS.

Answer: 2.
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Solution. Let us consider triangle ORS. Let A, B, C' be points of tangency of the incircle of triangle
ABC with its sides OS, OR, RS respectively. Let BR = z. As Z0 =90°, OA = OB = r = 5. Using
the equality of tangent lines drawn to the circle from the same point, we obtain CR = BR = x,
AS =08 —r=7,CS =AS =7. Hence OR=x+5, OS =12, RS = © 4+ 7, and the Pythagorean
theorem yields (x + 7)? = (z + 5)? + 122. Solving the equation obtained, we get that z = 30 and
OR = 35.

Now we know two sides in a right triangle OQR, and so we can find that OQ = /QR? — OR? =
V912 — 352 = 84; hence the radius of the incircle of OQR is equal to 332=1 — 14,

Triangles OSP and OQR are similar, the coefficient of similarity being 8—5 = £ = 1. Consequently,

81
the radius of the incircle of OPS is % 14 = 2.
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Bapuant 1

1. [2 6asna] Pacemorpum Bee 6-3HadHBIE YnCiIa, 3allUCAHHbIE ¢ TTOMOIIBIO Tdp 1, 2, 3, 4. B ckombkux
U3 HUX HPUCYTCTBYIOT YEThIPE PA3/INIHbIE TTHMPHI?

OTset: 1560.

Pentenne. Eciin Mbl ncriosibzyeM ofHy u3 nudp TPUK/IBI, a OCTABIIUECA ITUMPHI IO OJHOMY Pa3y,
TO MBI CMOYKEM COCTaBHUTH 4 - S_E = 480 pasmmunbix unces. (Ecrb 4 cocoba BbIOpaTh onHy u3 mudp,
KOTOpasi OYJET MCIIOJIb30BaHa 'TpI/I)K,HbI. Ecim 661 Bece 1udpbl ObLIM pa3InIHBIMU, TO ObLIO ObI 6!
C1I10cOO0B UX PACCTAHOBKM, HO TaK KaK CPeJU HUX €CTh TPHU OJUHAKOBBIE, KOJHIECTBO MEPECTAHOBOK
nosyvaercs B 3! pa3 MeHbIIe. )

Ecim Mb1 uctionb3yem OﬂHy u3 mudp JABaK/IbI, €IIe OJHY ABAXK/IbI, & OCTABIIHECT IU(MPHI 110 OTHOMY
pasy, TO IOJIyIrM (4) 2, 2, = 1080 umcen. N Bupasy, eCTb C? = 6 croco6oB BHIOPATH JBE THUMPHI,

2
KOTOpPbIE OY/IyT UCIIOJIb30BAHBI JIBaK/IbI, & 3aT€M €CTh ﬁ c11ocob0B pacCTaHOBKHU IHUMP.

Cnenosaresbuo, Bcero ecthb 480 4+ 1080 = 1560 uucest, KOTOpbIe YIOBIETBOPSAIOT YCIOBUIO 3a,/IaN.

2. [2 6anma] jmna, mupuHa U BBICOTA MPAMOYTOJBLHOIO HapaJlIeIenue/la — MOMapHO Pa3InIHbIe
nesible uncia. Eceim ero maymny yseaununTh Ha 40%, ero BbICOTY yBeIUYUTH Ha 75%, a €ro mupuHy
ymenbTh Ha 20%, TO ero 06béM craner Ha 57,6 6osbiie HadaabHOro 00béMma. Haitaure manbobiryio
BO3MOKHYIO IIUPUHY ITOTO MPSIMOYTOJIHHOTO MTapaslIeIeuIe a.

OTBeT: 30.

Pemtenwne. Ilycts z, y, z — jumHa, BBICOTA M MMUPUHA MPIMOYTOJILHOTO TAPAJLIC/ICIUICa COOTBET-
crBerno. [lociie Toro Kak Bce ero m3MepeHusi IMOMEHSJINCh, HOBble UX 3HadeHus — 3to 1,4x, 1,75y,
0,8z. T1O ycnoButo nostydaem 1,4x - 1,75y - 0,082 — xyz = 57,6, u mosromy xyz = 60. Tak Kak x, y, 2
— [ONAPHO Pa3JInYHbIE IeJible IHC/a, HauboJibiinee 3HadeHue y paBao 30 (a ocTaBIIMecs U3MepeHUs
paBubl 1 1 2).

3. [2 6anna] B 6ouonke 50 smrpos 100% ménoun. B nepsbiii jileHb HEKOTOPOE KOJMYECTBO IMIETOUN
B35/ 13 OOYOHKA, 3AMEHUB €r0 TEM K€ KOJIMYEeCTBOM BOJIbI, ITOCJIE€ Yer0 PACTBOP TIHIATEILHO IIEepe-
Mmerraan. Ha cieyrommit 1eHb HeKOTOpoe KOJNYeCTBO PACTBOPA B3sJIN N3 OOYOHKA, M TOYKE 3aMEHUJIN
ero Bogoit. I3BecTHO, 9TO KOHIIEHTpAIUs IIOJIy9eHHOro pacTBopa menoun pasna 31,68%, a rakxke,
YTO KOJTMYECTBO YKUJIKOCTH, B3ATOE M3 ODOYOHKA BO BTOPOII JIeHb, B JiBa pa3a OOJIbIlle, YeM B IEePBBIil
Jietb. CKOJIBKO JIMTPOB TIENI0YH ObLIO B3ATO U3 G0YOHKA B 1epBbiii jenb? (Bee KosmvecTBa uamepsi-
IOTCsI B JINTPax, yKa3aHa 0ObEMHAs KOHIIEHTPAIHS. )

OTsert: 14.

Pemenne. O603Ha9MM KOJMIECTBO MIEIOYH, B3ATOI 13 G0UOHKA B MEPBLIil JIeHb, Yepe3 & (JIUTPOB).

50

50z —* JINTPOB MIEJIOYH, YTO JOJKHO cocTaBuTh H0 - (0.3168 = 15.84 siuTpon

25

corstacHo ycsioButo. Orciosa moydaeM ypapaenne 50— — % = 15.84, 2> —752+854 = (), KoTopoe

nMeeT JBa perennd: © = 61 u x = 14. IlepBoe U3 HUX HE yIOBIETBOPSET YCIOBUIO, CJIEIOBATEIHHO,
HMCKOMOE KOJIMYeCTBO paBHO 14 jiuTpaM.

TeJIbHO, ocTaeTcd o0 —x —

4. |3 6anual B rpanenun ABCD 6okosbie cropoubt AB u C'D pasubl Apyr apyry, a tg ZCAD = 7.
Haiiure BbICOTY Tpamemnuu, ecjiu H3BeCTHO, YTO eé IJIoNalb paBHa 63.

OTser: 21.

Pemenne. [lycte CH u BK — Boicorsl Tpanernuu. O6oznadunm takke ZCAD = o (43 ycjioBusi MbI

suaeM, 4To tga = 7). Tak kak Tpamnerusi paBuobeapennasi, rpeyrojbiaukn ABK u DCH pasub
mexk iy coboit. Crnemosarensno, AK = DH u BC+AD = HK+AD = HK+AH+HD = AH;AH = AH.
[Toman Tpanem/m S paBna BC;““D CH = AH - CH AC cosa - AC sma [TockoubKy tga = 7,

MTOJTy94aeM COS (v = 7 sin v, a 3Ha4nT, A = %AC’2 sin? av. Tlo ycoBmio S = 63, ciegoBaTeabHo 63 =
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%AC2 sin® a, AC'sin @ = 21. Ocraéres 3ameruth, uTo AC sin @ paBHO BBICOTE TpaleIu, 1o3ToMy 21
U eCThb OTBET 3aJlavu.

[3 Gasina] CkosibKO Ie/IbIX 3HAUEHUI T YIOBJIETBOPSIET HEPABEHCTBY 4/ 4/ 2% + % + % > x?

OTBer: 4.

Pemmenne. Ob61acthb JOMYyCTUMBIX 3HATYEHNN NCXOIHOTO HEPABEHCTBA 33 1aETCSI YCIOBUEM 4 / 2 + % >

3 9 9
—35, KoTopoe paBlgocymbHo HepaBeHcTBY 2x + 7 2 0, oTKya r = —3.
SHadeHns xr € [—g; 0] YZIOBJIETBOPSIIOT HCXOTHOMY HEPABEHCTBY (TaK Kak JIieBas 9aCTh HeOTpI/IHaTeJIb—

Ha, a IpaBas 4acTh HEMOJIOKUTEJIbHA), & IpK = > () OHO PABHOCUJIBHO HEPABEHCTBY 4 / 21 —|— xQ—%

3
2

TO HEPABEHCTBO PABHOCHJIBHO KazKJOMy U3 HepabeHCTB 27 + 5 > xt — 322 + 9, 2 — 322 — 22 < 0,
—32-2<0, (z+1)*(z—2) <O, oTKyTa r < 2.

IIpu z € (O; \/g ] IpaBas 9acTh HEIOJIOXKUTeIbHa, U HeEpaBeHCTBO BhINOJIHeHO. Kean xe x>

OJIBOJISI UTOTH, TIOJTY9AEM T P/ S g T.€. MHOYKECTBO PEIeHnil HepaBeHCTBa
I1 € [—% 0Ju(0; /3 1U(4/3; 2|,
9
— OTPE3OK [—g, 2]. Ha »ToMm oTpeske ecTs 4 11eJIbIX YnCIA.
JLT eIIuTe ypaBHEHHE sin coS TBETEe YKaXKNUTe HAanOOJIBITTHIT
3 6asnal P 8sin 252 + ¥ = 2cos L +2tg 272 B o 60

OTpHUIIATE/IbHBIN KOpeHb. Eciii ero He cyiiecTByeT, HaUIIuTe BMecTO 310oro 2023.
OtBet: —0,25.

Pemnienne. BOBBO,ILH B KBa/JdpaT 0be gacTu YpaBHEHUA, ITIOJTyTIaeM

2rxr 13 2mx 2w 2mx

8sin —— + — = 4cos® =~ + 8sin —— +4tg? —=

3 3 3 3 &3
orkyza 12 cos* 222 —25 cos? 222412 = 0, orkyna cos? 222 = 3y cos? 222 = 2. TTockonbKy cos? 222 <
1, To cos 273”” = :I:%, iz + %k:, k € 7. lloacranoBKa IOJyYEeHHBIX 3HAYECHUI & B HCXOIHOE

yPaBHEHME [TOKA3bIBAET, UTO IIPU T = i% + 3k mpaBasi 4acTh UCXOJHOTO YpaBHEHUs OTPHUIATE/IHHA,
U PENIeHUAMU SBJIFIOTCS JIUMIb & = il + 3k, k € Z (npu KOTOprX paBasl 4acTh IOJIOKUTETHHA ).
CrenoBaTeIbHO, HAMOOIBINNI OTPHUIIATEIBLHBI KOpeHb — 910 —; = —0,25.

[3 6anna] ITpu kakom HanMenbIem 3HaYeHnE apameTpa t ypasnenue x2 —try/3 — 2x — 22 +t2 = 0
MMeeT XOTsI ObI OJIHO pellleHwe?!
OTBer: —1.

Pemenne. Ypasrnenne uMeeT CMBICT Ipa 3 — 27 — 2 > 0. Boiieaus B eBoil 9aCTH HOJIHBII KBaIpaT,
ypaBHEHIe MOXKHO IIPUBECTU K BUJLY

2
tV3 — 2z — 22 t2(x + 1)
— — =0.
(x 2 ) B

Tak kak oba cjraraeMbIX B [IPaBOil YaCTU HEOTPUIIATETbHBI, PABEHCTBO BO3MOXKHO, TOJIHLKO €CJIM OHU
oba paBHubl Hy/110. Bropoe ciaraemoe obparaercs B HOJIb JinbOo nipu x = —1, qubo nupu ¢t = 0. Ecau
x = —1, To neppoe ciaraemoe npunuMaet s (—t — 1)%, nosromy t = —1. Ecmn t = 0, T0 ypaBHenue
npunuMaeT Bug 22 = 0, u y Hero ecthb oxno perrenne x = (. CieoBaTesbHO, JaHHOE ypaBHEHUE TP
t = 0 mmeer pemenne x = 0, mpu ¢t = —1 umMeer perrerne r = —1, a IPU OCTAJBHBIX ¢ HE MMeET
perennit. HanMenbinee 3navenne napameTpa, Mpu KOTOPOM €CTh pellenne — 3To ¢ = —1.

[3 6ansa] Pemure nHepasencTBoO

1 1

<
|log, | —2 |log, 2| — 1
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B orBere ykazkuTe KOJIUIECTBO MEJOYNCIEHHBIX pellleHnii HepaBeHCcTBa Ha oTpeske —4 < o < 54.
OTser: 41.

x2 z
Pemtenune. Jlorapudwmer B HepaBencTBe cymecTBytoT npu x > 0. Ilockosnbky log, 10 = log, 35 =

logy 15 — 1, HEpaBeHCTBO NPUHUMAET BUY

1 _ 1
logy & —2 = |log, & — 1| — 1

Honaras log, 15 — 1 = t, momy1aem

1 o1
t+1]—2 " |t -1

(1)

PacemorpuMm tpu Bo3MoKHBIX ciaydas: t < —1, —1 <t < 0,¢ > 0.
1) Ipu t < —1 mepasercrso (1) PABHOCHILHO KAZKIOMY I3 HEDABEHCTB —— < —t o> 1

== S oo 73 2 B
2 x 1 5
WS0,0TKY,Ha—3<t<1,T.€.—3<10ggm—1<—1,Z<%<1,§<I‘<10.

2)Ecm —1 < t < 0, o u3 (1) caemyer, uro ﬁ < %71 i (Hl?ﬁ < 0, orkyza ¢ < —1 mwm

0 <t < 1. B arom caygae nepaserctso (1) He nmeer perenuii.

< L. D70 HepaBencTBo ABIACTCA BEPHLIM IpH Beex t > 0,

€
=1 X -1

kpome ¢t = 1. Orciona log, 55 = 1 u log, 15 # 2, ciemosaressno, & € [20;+00) u x # 40.

3)Ipu t > 0 uz (1) caemyer, aTo

VTak, MHOKECTBOM DeIIeHUII HEPABEHCTBA ABJIAETCH T € <g, 10) U [20;40) U (40; +00). Ha orpeske

[—4;54] ectb 41 1nenoe perenne.
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Bapuant 2.

1. [2 6anua] Croponsl Tpeyrosbarka pasabl 4, 13 u 15. Haiiiure pa/iycer ero oliMcanHoil OKPYKHOCTH
R wn ero Brnmcannoit okpykuocTH 1. B oTBeTe 3anumure pa3znoctb R — r.
OtBer: 6,625.
Pemtenue. [lomynepumerp TpeyrosibHUKA p paBeH
A= plp—a)p—b)(p—c) = V16-12-3-1 = 24. Paauyc onucannoii okpyzxnoctu — 310 R =

% = 16, moaTomy ero 1momaab A ecrb

abe __ 41315 __ 65 . B _ A __ 24 __ 3 o
1A — 4924 8" Pam/lyc BIIMCaHHOU OKPY2KHOCTHU 9TO I = p 16 2° CJIe,ILOBaTeJIbHO, R r =
% = 6.625.

2. [3 6anra] Beicora psiMOro KpyroBoro KoHyca pasHa %, a paJimyc ero ocHoBaHUs paseH 3. Haiigure
HanboJIbIllee 3HaUEHNEe 00bEMA TPAMOr0 KPYTOBOI'O IUJIUH/IPA, KOTOPBI MOYXKHO BIIMCATH B 9TOT KO-
ayc. (OHO M3 OCHOBAHWI IMIMHIPA JIEZKUT B OCHOBAHUN KOHYCA, & OKPYZKHOCTb BTOPOIO OCHOBAHUS

— Ha GOKOBOH MOBEPXHOCTH KOHYCA. )
OrtBet: 24.

Pemtenue. Ilycrs ABC' — oceBoe ceuenne xouyca (AB — ero ocHoBanue) u myctbh K LM N — oceBoe
cedeHre IWJIMHIpPA, BIUCAHHOTO B KoHyc Takoe, uro K € AC, L € BC, M, N € AB. O6o3nainm

_ _ h _ AK r _ CK
rakxke KL = 2r, KN = h. VI3 10106usi TpeyroJbHUKOB TIOJTydaeM yPaBHEHUS 1o == AC0 3 = AC
CxaapIBast 9TH PaBEHCTBA, NMEEM ’{—g £ = 1 n, crenosarensho, h = 1—7f — %.

O6ném mmmmapa V opasen Vo = wrlh = 18r% = 6r3. YTo6bI HaHTH ero MAKCHMYyM, BBITHCIISEM

npoussoanyio V'(r) = 36r — 18r? = 18r(2 — r) u 3amMeTuM, 9TO NPOM3BOJHAS HOJOKUTEIHHA TIPU
r < 2, oTpunaresbHa Opu r > 2. 3HAUAT, I = 2 —TOYKa MAKCHUMyMa, a HanbOJIBIINNA 06bEM paBeH

V(2) = 24.

3. [2 6asnna] Benocumemucry emer n3 najékoil jgepeBHH Ha TAPOMHBIH TepMUHAJ, 9TOObI YCIIEeTh Ha
napom. CHavasa OH e€IeT CO CKOPOCTBIO 12 KM/, a KOrja JI0 OTIpaBieHns mapoma ocraércs 10
MUHYT, OH yBEJIMINBAET CKOPOCTH 10 16 KM/ 4. B pesysbrare on onasnbiBaer Ha 5 MUHYT. 3a CKOJIBKO
MUHYT JI0 OTIPABJIEHHsI TTAPOMa €My HYYKHO OBLIO YBEJUIUTH CKOPOCTH JI0 16 KM /9, 9T00BI IPUOLITH
B MAPOMHBIN TEPMUHAJ € 3aI1aCOM B 5 MUHYT (T.€. 38 5 MUHYT JI0 OTIPABJICHUS Mapoma)?

OTser: 50.

Pentenmne. Byjem caurarh, 9TO BEJIOCHUIEIUCT YBEJIUINBACT CKOPOCTH B MOMEHT Bpemenu t = (.
Own npubbiBaeT B TepMHUHAJ Yepe3 15 MUHYT, IIPU 9TOM OH €JIeT CO CKOPOCTHIO 16 KM /4, M0STOMY OH
HaXOJIUTCS HA PACCTOSHUN 411 - 16 = 4 KM OT TepMUHAA.

[Iycth syt Toro 9Tobbl TPUOBITH B TEPMHUHAJ 38 H MUHYT JIO0 OTIIPABJIECHUS ITAPOM €My HaJIo OBbLIO
YBEJIMIUTH CKOPDOCTh B MOMEHT BpeMeHu (—tg) (T. €. Ha {y MUHYT paHbIlle, YeM OH Ha CAMOM JieJie
9T0 czenan). B 9ToT MOMEHT OH Haxoauics Ha paccrogHuu 4 + %0 or TepmuHasia. [Ipu e3me co

t
CKOPOCTBIO 16 KM/ OH ObI TIPEOIOJIEST 9TO PACCTOSHUE 3 (4 + f) 116 = }1 + é—% JacoB, TO €CTh 3a
14ty — 3to i
60 (4 + 80) = 15+ =* minutes.
[TockosibKy eMy HaJI0 TPUOBITH 3a 5 MUHYT JI0 OTIIPAaBJICHUSA ITapoMa, MoJIydaeM ypaBHeHue —tg -+

15+ ‘% =5, u noatomy to = 40. CireoBaTEIHHO, OH JIOJIZKEH ObLT YBEJUINTH CKOPOCTh Ha 40 MUHYT
aHee, 9eM OH 9TO cjeJjiajl, To ecTh 3a 50 MUHYT JI0 OTIPaBJICHUs IIapOMA.
) Y

4. |2 6anna] CKoIBKO CyHMIECTBYeT MECTU3HAYHBIX YUCEII, 3aMCAHHBIX ¢ noMombio udp 1, 3, 5, 7, 9
U TaKUX, 970 XOTs OBbI JIB€ OJUHAKOBBIE IUMPHI UIYT TOAPIA !

OTser: 10505.

Pemenne. OOmiee KOJMUECTBO TaKuX dncea papHo H® (BbiGupaem oaHy uz 5 mudp i KazKJoro
u3 6 Mecr). YToObI MOJTYYIUTh YUCIO, Y KOTOPOIO HET PSJIOM CTOSIIUX OJMHAKOBBIX UMD, MOXKEM
BBIOpaTh 1epByI0 1udpy HaThio crocobamu. Ilocie 3Toro KaxKiayio u3 CIeAYOMEUX MUPP MOXKEM
BBIOMPATH YeThIPbMs criocobaMu (Tak Kak HeJb3s UCIOJIB30BaTh IUdPY, CTOSIIY0 Ha MPeIbIIyIeit
nosunun). Kommuecrso takux uncest pasno 5 - 4°. OueBniHo, Bee ocTabHbIe YUCIa UMEIOT XOTs Obl
TIBE OJIMHAKOBBIE TIH(MPEI MOIPA, & UX KOJImdecTso pasHo 5% — 5 - 4% = 10 505.
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5. [3 6asina] Haiiyiure Bee perienust ypasHeHUst

sin 67x cos 6z

sinmx + cosmx  cosmx —sinwx’

[IpUHaJJIezKallie NHTEPBAJLY (0; %) B oTBere ykaxkuTe cymMMy HaliJIeHHBIX perieHuit. Ecian pemenmit
Ha UHTepBaJie HeT, 3anumure 2023.

Otser: 0,5.

Pemenune. VcxoHoe ypaBHeHre PABHOCUIIBHO YPABHEHHUIO
sin 6mx(cos mx — sin wx) = cos 6x(sin T + cos wx)
upu ycsosuu (sinwa + cos mx)(cos mr — sinwx) # 0, 1. e. cos2mx # 0. Vmeewm:

sin 6w cos mxr — cos 6mx sinwx = cos 6wx cos mx + sin 6wx sin 7w,

. 1 n
sindmr = cosomxr, tgomr=1, x= 20 + 5 n e Z.
VenoBusm 0 < x < %, cos 2 # 0 yIOBIETBOPSIIOT & = 2—10 ur= 2%. Cymma stux gmcen pasaa 0,5.
6. [3 6amma] CroIbKO MEIbIX 3HAYEHHH T YI0BIETBOPAET HepaBeHcTBy log 5 (3 — V277 — 1) > z?

OTser: 2.

Pemenne. HepaBeHcTBO paBHOCHIBHO CHUCTEME HEPABEHCTB

277 —12>0,
3—V27*—1>0,
3—V2 7T —-1<277%,

[Tomoxus y = 277, monyuaem y > 1, /y—1 < 3, 3 —y < /y — 1. I3 nepBbIX /IBYyX HEpaBEHCTB
nostyaaem, 910 1 < y < 10. A TpeTbe HEPABEHCTBO MOYKHO PEINTh, HAIPUMED, TaK:

3—y <0, >3
y—1>0, Y )
5 - < {y<3, Sy>2
—y=Y
2<y<b
{(3—y)2<y—1

Urak, 2 < y < 10, mostomy 2 < 27% < 10, 1 < —x < log, 10, x € (—log, 10;—1). Ha srom
POMEXKYTKE JIBa HEJIBbIX 3HAUYCHUS IIEPEeMEHHON — 3T0 © = —3 u & = —2.

7. |3 6anna] Haiigure KommaecTBo 1€J1bIX 3HAUEHUIT TapaMeTpa ¢, TPy KasKJIOM 13 KOTOPBIX yDABHEHHEe
Vot + 22 — 5t2 = /a2t — 4tz IMeeT POBHO OJIHO PEIICHIE.

OTBer: 3.

Pemenune. Ypasrnenne sKkBuBajgeHTHO ypasHennio x* + 12 — 5t = x* — 4tz npn yenosun x* — 4tz > 0.
Penenuamy ypaBHeHH SIBJISIOTCA T1 = —bt U T = t. IIpu 101cTaHOBKe 71 B HEPABEHCTBO MOJIYYaeM
x(23—4t) = 5t2(125t2+4) > 0, 4TO BBIIOJHEHO IPH JIOObIX 3HAUeHUsX . 3HAUUT, 11 = —5l AB/IgeTcs
KopHeM Tipu JjiioboMm t. Jjig snavenus vy = t nosmydaem z(z® — 4t) > 0, t2(t* — 4) > 0, uro BepHo
npu t € (—oo; —2] U0 U [2;00). Kopau z7 = —5t u 29 = t coBnagator npu ¢ = 0. [TosTomy ucxoaoe
ypaBHEHUE UMEET JIBa PA3/JIUIHBIX KOPH Ipu t < —2 uin t > 2; o KopeHb npu —2 < t < 2. Urak,
YCJIOBHIO 33JIa41 YJIOBJICTBOPAIOT TPU HEJIbIX 3HAUYCHH [apaMeTpa.
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8. [3 6anma] uaronanu yerbipéxyronbauka PQRS nepecekatorest B Touke O. MzsectHo, yto PR |
QS, PS || QR, QR =91, OS = 12, a pajmyc oKpyKHOCTH, BIcaHHOH B TpeyroabHuk ORS, paBen
5. Haiiiure pajgmyc oKpy>KHOCTH, BIUCAHHO# B TpeyroibHuk OPS.

OTser: 2.

Pemenne. Paccvorpum tpeyrobauk ORS. Ilycrs A, B, C' — TOYKN KacaHWs BIUCAHHON OKPY K-
noctu Tpeyroibunka ABC ¢ ero croponamu OS, OR, RS coorBerctBenno. Ilycts BR = x. Tak
kak Z0 =90°, OA = OB = r = 5. Vcnonb3yst paBeHCTBO OTPE3KOB KACATEIbHBIX, ITPOBEIEHHBIX K
OKPY’KHOCTH U3 OJiHOI ToukH, nmoaydaeM CR = BR=x, AS=0S —r=7,CS = AS = 7. 3uauunr,
OR=2z+5,0S8 =12, RS = z + 7, u o teopeme Iludaropa nomyqaem (r + 7)* = (x + 5)? + 122,
Pemras nonydennoe ypasuenue, naxoaum x = 30 and OR = 35.

Terrepb MBI 3HaeM JiBe CTOPOHBI HMPSAMOYTOJBHOTO TpeyroibHuka OQR, n 1mM03TOMYy MOXKeM HailTu,
aro OQ = \/QR2 — OR2 = /912 — 352 = 84; ciiejioBaTebHO, PAJIYC BIMCAHHON OKPYZKHOCTH Tpe-
yrosbuuka OQ) R paBen w = 14.

Tpeyrombuuku OSP u OQR 1o100HbI, a ux KoddduUuiuenT nomnodusi paBexn 8—5 = 12 _ % Nraxk,

84
pajimyc OKpy»KHOCTHU, BITUCAHHOI B TpeyrojabHuk OPS ecTh % <14 = 2.
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Problem Set 3

1. [2 points] Basil was slowly walking to school, and the first third of the way he was going at 2.16
km/h. Having understood that he was not going to be on time, he increased his speed up to 10.08
km/h, and he ran one third of the way with this speed. After that Basil got tired and he decreased
his speed to 7.56 km/h, and he made the remaining third of the way with this speed. Determine
Basil’s average speed on his way to school.

Answer: 4.32 km/h (or 1.2 m/s).

Solution Let the way Basil covered when Walking to school be equal to 35 (km). Then he expended
576 16 hours on the first part of the way, 10 53 hours on the second part, and -2 hours on the third

7.56
part In total, it took him ¢ = 255 hours. Therefore, his average speed was equal
to 25 = 1% — 432 km/h.

216+ 1008+756

2. |2 points| Three numbers X, Y, Z make up an arithmetic sequence in the indicated order. If we
subtract 9, 18, 27 from them respectively, the numbers obtained make up a geometric sequence (in
the same order). Find the largest possible value of the common difference of the arithmetic sequence.
If it does not exist, write 2023 in the answer.

Answer: 9.

Solution. Three numbers make up an arithmetic sequence if and only if the middle one is equal to
the half-sum of the other two numbers. Three numbers make up a geometric sequence if and only if
the square of the middle number is equal to the product of the other two numbers. From here we
get the equations 2Y = X + Z and (Y — 18)? = (X — 9)(Z — 27). From the first equation we can
express that Z = 2Y — X, and substituting it into the second equation, we obtain

Y -18°=(X—-9)2Y — X —27) & X*+ V> —2XY + 18X — 18Y +81 =0 &
SX-Y) +18X-Y)+81=0(X-Y+9)?*=0Y - X =9

But the common difference of the arithmetic sequence is equal to the difference of the adjacent terms,
and so we get that it is necessarily equal to Y — X = 9.

3. |2 points] Two tangent lines are drawn to parabola y = 2z* — 3z, the points of tangency being the
intersection points of the parabola with z-axis. Find the area of a triangle formed with these lines
and a straight line y = 0.

Answer: 1.6875.

Solution. The z-intercepts of the parabola are determined by the equation 222 — 32 = 0, from which
we get two solutions z; = 0 and x5 = 2. As ¢/(2) = 4o — 3, we get that y/ (z1) = —3 and ¢/ (22) = 3.
These numbers are equal to the slopes of the tangent lines in question, hence the equations of these
lines are y = —3x and y = 3 (x — —) The intersection point of these lines is C' (Z —9), which is one

of the vertices of the triangle. Another two vertices have coordinates A(0;0) and B (2;0). The base

of the triangle AB is equal to %, and the altitude dropped onto it is equal to % Hence, the area is

equal to 3 .3.9 = % = 1.6875.
4. |3 points] Numbers a, b satisfy the system of equations
3va2bd = 4(a® — b%);
5v/ath = a® + b2.

What is the largest value of the expression b — 3a?
Answer: 112.

Solution. If a = 0, then b = 0, and the value of the expression is equal to 0. If a # 0, then multiplying
the equations we get 15a%0* = 4 (a* — b*). Let us denote t = (%)2 The equation obtained can be
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written as 4t> — 15t —4 = 0, and sot = 4 or t = —;11. Since t > 0, only the first of the roots is

suitable, hence (%)2 = 4, and therefore a = £2b.

If @ = 2b, then substituting into the first equation of the initial system, we obtain 3v/4b7 =
4 (4b* — b?), V/4b = 4, and consequently, b = 16 and then a = 32. The value of the expression
(b — 3a) becomes equal to (—80).

If @ = —2b, then substituting into the first equation of the initial system, we obtain 3v/4b7 =
4 (4b* — b?), V/4b = 4, and consequently, b = 16 and then a = —32. The value of the expression
(b — 3a) becomes equal to 112.

The largest possible value of (b — 3a) is equal to 112.

. [3 points| In triangle ABC' it is known that AB = 19, BC' = 20, AC' = 37. The incircle of the
triangle touches its sides AB and AC' at points ) and P respectively. Find area A of triangle APQ.
In the answer write 111A.

Answer: 5832.

Solution. The semi-perimeter of the triangle is equal to p = = 38. Hence the area of
the triangle is A = 1/38(38 — 19)(38 — 20)(38 — 37) = 114. Let us denote the points of tangency
of the incircle with the sides AB, AC, BC of the triangle as @), P, S respectively. It is known
that the tangent lines drawn to the circle from one point are equal to each other. So if we denote
AP = AQ = z, we get BQ = 19—z, CP = 37—z, and consequently, BC = BS+CS = BQ+CP =
(19 —2)+ (37 — ) = 56 — 2. Thus 56 — 22 = 20 and = = 18. Now we can express the ratio of areas
of two triangles:

19420437
2

Aapg 05AP-AQ-sinA  AP-AQ 18-18
Aupc  05AB-AC -sinA  AB-AC  19-37

Therefore, Aspg = % ‘114 = %. The number to be written in the answer is 111A and it is equal

to 324-6-3 = 5832.

. [3 points| Find the smallest positive solution of the equation

cos(3z)  2|cosz|

=—1.

CoS T cos(3x)
In the answer write the solution found multiplied by %.
Answer: 32.
Solution. Let ¢ = <32,
a) If cosz > 0, then % + %gs% = —1, and the equation can be written as t + % = —1, oTkyaa
t2 +t+ 2 = 0. This equation has no real roots.
6) If cosxz < 0, then % — igs% = —1, and the equation can be written as ¢t — % = —1 wimn
t2 +t—2 =0, from where we get t; = —2, ty = 1.

. . . . . 3 <

For t = —2 we obtain % = —2, which is equivalent to the equation W = —2.Ascosz <0,
we can proceed as follows: 4cos? x — 3 = —2, cos’z = Z—i, cosxr = —%, T = i%ﬂ + 2mn, n € Z.
For t =1 we have 4cos?z —3 =1, cos?x =1, cosx = —1, x =7 + 2mn, n € Z.
The smallest positive root of the equation is xg = 2,?“, and according to the task we need to write

number % - xo = 32 in the answer.

. [3 points| How many integer values of x from the open interval 0 < xz < 100 satisfy the inequality

5logsx — 100

5 > 47
logs, x — 25

Answer: 68.

Solution. let ¢ = log3 z, then the initial inequality can be written as % >4 ﬁ > 0. It yields
t € (—00;0] U (25; +00). Returning to the initial variable, we obtain z € (0; 35) U {1} U (32; +00).
Among the solutions found, there are 68 integers that belong to the interval x < 100.
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8. [3 points| Find the number of integer values of parameter b such that the equation sin®?z + (b —
3sinz)!! + sin® x + b = 3sinz has at least one solution.

Answer: 7.

Solution. The initial equation can be written as sin* x4 sin? r = (3sinx — b)"! + (3sinz —b). Let us
consider a function f(t) = t'* 4 ¢. Using it, we can rewrite the equation as f (sin2 x) = f(3sinz —b).
Function f is strictly increasing (as a sum of two strictly increasing functions); thus the equality of the
values of this function is equivalent to the equality of its arguments. Therefore, the initial equation is
equivalent to the equation sin?z = 3sinz — b. From here b = 3sin z — sin? z. We only need to notice
that function y = sinz has a range from —1 to 1, and function g(y) = 3y — y? is increasing on the
interval [—1; 1] (the latter fact can be justified using derivatives: ¢'(y) = 3—2y > 0 for y € [—1;1]). It
takes values from —4 to 2. Therefore, the initial equation has solutions for —4 < b < 2. The number
of integer solutions on the interval is equal to 7.
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Problem Set 4

1. [2 points| Find the largest possible value of the expression (x 4 2y) if numbers x and y satisfy the
equalities \/y + 10z = 2.4; (\/y — 3) xr=x — 0.08.

Answer: 38.52.

Solution. From the first equation we can express that ,/y = 2.4 — 10x. Substituting it into the

second equation yields (—0.6 — 10z)x = x — 0.08. Solving the quadratic equation, we obtain x = —é
01":17—2—15.If$——l theny—42854, =
then i = 4 and the value of (z + 2y) is equal to 22, Therefore, the largest possible Value of (x +2y)

is 5 = 38.52.

and the Value of the expression (z + 2y) is equal to 3. If 2 = 5

15 pt—8yp-
2. |2 points] Find the largest possible value of the expression 23 23 b VP q2 : (8 —16¢ Q)
P2 p*3 + 2pg + 4673 p
if it is known that 3 < p < 5; 8 < ¢ < 19.
Answer: 1.875.

Solution. The given expression can be transformed as follows:

15 pi/3 — 8pl/3q 8p'/?—16¢"% 15 p—8q 15

p2/3 ' p2/3 4 2p1/3 /3 4 4q2/3" pl/3 ] (p2/3 + 2p'/3q1/3 + 4q2/3) (p'/3 — 2¢1/3) ]

Hence, the expression is an identical constant on its domain and its largest value is equal to E =

1.875.

3. |2 points] The volume of a regular triangular prism (the base of a prism is an equilateral triangle,
and its lateral edges are perpendicular to its bases) is equal to 544/3. What is the smallest possible
value of the sum of all edges of the prism?

Answer: 54.

Solution. Let the edges of the base be equal to x and the altitude of the prism be equal to h. The
volume of the prism is equal to £ 3 - h. From the task it s equal to 54v/3, and so we get o °h — = 54,
h = 2;6 Now let us express the sum of all edges of the prism: S = 3h + 6x = 648 + 6x. T hlS sum
happens to be a function of one variable z; its derivative is S'(x) = —12¢ 4 6. We can see that the
derivative is negative for x < 6, turns to zero at x = 6, and is positive for x > 6. Consequently, x = 6
is a point of minimum of S(x), and the smallest value of S is S(6) = &8 + 36 = 54.

189:>

4. |3 points] How many integer values of z satisfy the inequality /5=

Answer: 20.

Solution. The domain of the inequality is an interval (—2;18|. If x € (0;18], the left side of the
inequality is non-negative, and its right side is negative. Consequently, all values of x that belong
to the interval (0; 18] are the solutions of the initial inequality.

Let z € ( 2; 0] Then z+2 > 0, and the initial inequality is equivalent to each of the following ones:
S > a? 1® + 207 + 2 — 18 < 0. As = 2 is a root of the polynomial P(x) = z* + 22% + x — 18, we
Can represent P(x) in the form of (x — 2)(x* + px + ¢). For finding the unknown coefficients p and
g we can either use polynomial long division or expand the expression and equate the coefficients of
resulting polynomials: 2 + 22% + 1 — 18 = 2® + (p — 2)2? + (¢ — 2p)x — 2¢, and from here 2 = p — 2,
1=¢q—2p, =18 = —2¢; hence p =4, ¢ =9 and P(z) = (z —2)(2® +42+9) = (x — 2) ((x + 2)2 + 5).
Therefore inequality P(z) < 0 implies that x < 2. It means that all the values x € (—2; 0] are the
solutions of the initial inequality, and its solution set is a union of two intervals (—2; 0] and (0; 18],
i.e. it is an interval (—2; 18]. There are 20 integers on this interval.
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5. [3 points] Solve the equation <£23z=sinz _
cos bz —sin 3z

that belong to a closed interval 37 < z < 157, multiplied by 2
Answer: 1332.

Solution. The equation is equivalent to each of the following equations

= 1. In the answer write the sum of all roots of the equation

sin (— — 335) —sinx B Cos (— — .CE) sin (— — 2.r)

_1’

sin (— — 5x) —sin3z | cos (Z — x) sin (— — 4x)

and so sin (4m — —) + sin ( — Qx) = 0, wm sin x cos <3x — —) = (. The roots of the latter equation

1
are give by v = mn, r = § + %, n € Z and they all satisfy the restriction

cos <% — ZB) sin <% — 4x> # 0.

For finding the sum of the roots on the given interval ,let us consider each of the root sets separately:

3w+4w+...+15w:@-13:1177r;
T 97 7 107 T 447 T T
(Z—F?)—F(Z“FT)-F...—F(Z-FT)—36-1 §(9+10+ .+44)—
9+ 44
:97r—|—g +T 36 = 97 + 3187 = 3277

Now we only need to notice that the two sets of roots have an empty intersection (we can verify
that it is so by plotting the trigonometric circle and placing all the roots there). Therefore, the
sum of all the roots is equal to 1177 4 32771 = 444xw. As the answer, we need to write the number
3. 44471 = 1332.

. [3 points] How many integer values of x from the interval 0 < x < 100 satisfy the inequality
logg = 2 3 2
10gs(é) Z logg 10g§$_10g8$2.

Answer: 36.

[\

Solution. Let ¢ = logg x. Then the inequality can be written as
t

3
> Z _
t—2_t+t2—2t

Moving all terms to the left side, bringing the fractions to the common denominator and simplifying,
we obtain g(t 5 = 0, and so ¢ € (—00;0) U {1} U (2;+00). Going back to the initial variable, we have
x € (0;1)U {8} U (64; +00). Among the solutions found, there are 36 integers that belong to the

interval z < 100.

. [3 points] AM is a median of triangle ABC'. Points F' and T are projections of point M onto sides
AB and AC respectively. Find the area A of triangle ABC, given that AM = 13, AF = 2v/13,
AT = 12. In the answer write the value of 23A.

Answer: 2535.

Solution. Let us extend median AM beyond point M and let D be such a point on the extension
that AM = MD. Let us also denote /ZBAM = « and ZCAM = p. In quadrilateral ABDC
diagonals bisect each other, therefore, it is a parallelogram. It is known that each of the diagonals in
a parallelogram splits it into two equal triangles. It means that the area of triangle ABC' is equal to
the area of triangle AC'D (for both of them are equal to half the area of the parallelogram).

Considering right triangles AM F and AT'F' we can express that cos a = QJFW = \/273, cos 8 = ,:141\22 = %
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Therefore, sina = /1 —cos?2a = \/iﬁ, sin 8 = %, sin(m — o — ) = sin(a + ) = sinacos § +

cosasin f = 134\/6ﬁ. Applying law of sines to triangle ACD, we get —A2 - = A€ hence AC =

sin(mr—a—pf) — Sina’

26-\/%*3 : 13% = 52%7. Finally, we have that the area of triangle AC'D is equal to A = %-AC-AD'Sil’l g =

507 _ 253 ;
553 - 26- % = 2232 The value of 234 is 2535.

. [3 points| Find the sum of squares of all values of parameter ¢ such that the equation
(2 +x+22 +1)2 =822+ +1)

has exactly one solution.
Answer: 0.75.

Solution. Let us make a substitution y = 2? + = + 1. Then we get the equation (y + 2t%)? =
8t%y, which can be transformed to (y — 2t?)?> = 0, and from here we get y = 2t>. Consequently,
2?4+ 2 +1—2t2 = 0. This equation has exactly one solution if and only if its discriminant is equal to

zero. We get 1 —4(1 — 2t%) = 0; 8t* = 3; ¢ = j:\/g Hence the sum of squares of all suitable values
of parameter ¢ is equal to 0.75.
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BapuanT 3

1. [2 6asna] Bacs mén B Koy He TOPOISICh, U TEPBYIO TPETh IIyTH OH IIPOMIET CO CKOPOCTBIO 2,16
kM /4. [ToHB, 94TO ¢ TAKON CKOPOCTHIO OH OII03/1a€T, OH YBeIMINI CKOPOCcTh 710 10,08 KM /4 u npoberkalt
Tperh myTH ¢ 3T0ii ckopocThio. [locse sToro Bacs ycran, u yMeHbIHI CKOPOCTh 110 7,56 KM/, 1
OCTABIIYIOCS TPETh MYTH OH MPOJIEsIa ¢ 3TOI cKopocThio. OmpeiesuTe CpeIHIon CKOpocTh Bacn 1o
IIyTH B IIKOJTY.

Orser: 4,32 km/4 (mam 1,2 m/c).

Pentenne. O6o3uaunM myTh, KOTOPBIii nposesai Bacuiuii o myrtu B mkosy depes 35S (km). Torma

S S s

OH 3aTPaTHIl 735 YaCOB HA IEPBYIO YaCTh IIYTH, 15pg YACOB HA BTOPYIO YaCTh HyTH U =25 4YacoB
_ S S S _ 258

Ha TpeThio YacTb. CymMmapHo emy morpeboBasioch t = 516 T 1008 T 756 — 36 1ACOB. Orcrona ero

35 _ 108 _
CPeJIHAA CKOPOCTh OblTa papHa %> = 3o = 4,32 KM /.

2. [2 6amna] Tpu uucina X, Y, Z o6pa3yior B yKasaHHOM MOpsijiKe apudMETHUECKYIO POIPECCHIO.
Ecmn n3 aux Berdects 9, 18, 27 cOOTBETCTBEHHO, TO IOJIyY€HHBIE YHCJIa 00Pa3yI0T FeOMETPUYIECKYIO
nporpeccuio (B ToM ke nopsjke). Haiiinre nHanbosbiiiee BO3MOXKHOE 3HAYEHIE PA3HOCTH apudMeTn-
JecKoit mporpeccun. Eciim ero He cymiecTByeT, yKaykuTe B orBeTe 2023.

OTBerT: 9.

Pentenwne. Tpu unciia 06pa3yiorT apudMeTHIecKyIo MPOrPECCUIo TOTJIa U TOJBKO TOTJIA, KOTJIa CPe/I-
Hee U3 HUX PaBHO TOJIyCYMMe OCTaJIbHBIX. 1'pn uncia 06pa3yioT TeOMeTpUIecKyIo TPOTrPECCHIO TOT 1A
U TOJIBKO TOTJIA, KOIJIa KBaJIPAT CPEIHETrO YNCja PaBeH MPOU3BEJICHUIO JABYX jpyrux. Orcioga 1mo-
ayuaem ypasuenust 2Y = X + Z u (Y — 18)? = (X — 9)(Z — 27). I3 nepBoro ypaBHEeHUs] MOZKHO
BBIPA3UTh, uTO Z = 2Y — X | 1 nojcraBjgsd 3TO BO BTOPOE YpaBHEHUE, OJIydaeM

Y -18°=(X-9)2Y - X -27) & X*+V?—2XY + 18X —18Y 481 =0 &
S(X-Y)P +18X -YV)+8l=0&(X-Y+9?=0&Y - X =0.

Ho pazmnoctb apudmernyeckoil mporpeccun paBHa pa3sHOCTH JIBYX €€ COCEHUX YJCHOB, U TOITOMY
MBI TIOJTy9aeM OJIMH-€IMHCTBEHHBIN BapUaHT: pa3HocTh paBHa ¥ — X = 9.

3. |2 6asura] K napa6one y = 22% — 3x nposejienbl KacaTe/IbHbIE B €8 TOYKAX I1E€PECEYEHUs C OCHIO
abcruce. Haiture mioma s TpeyroabHIKa, 00Pa30BaHHOTO STUMHU KacaTeIbHBIMU U TpAMoit y = (.

OtBerT: 1,6875.

Pemenne. A6cnucenl ToYeK mepecedenus napabosibl ¢ ockbio Ox HaXoaaTes u3 ypapnenus 222 — 31 =
0, oTKya nomydaem jpa pemenns 21 = 0 u o = 3. Tak xax ¢/ (x) = 4z — 3, nomyuaem, uro y (1) =
—3 u ¢y (x9) = 3. D1y umcaa U ecrb yriaoBble KOIDOUIMEHTH HCKOMBIX KACATEIbHBIX, MO3TOMY

YpaBHEeHHNdA KacaTe/IbHbIX UMEIOT BU/L Y = —3rm Yy = 3 ([E — %) Touka nepecedenusd KacaTeJIbHBIX

ectb C (%; —%), U OHa ABJISIETCS OJHOW W3 BEPIINH TpeyrojbHuKa. /IBe Japyrue BepIImHBI UMEIOT
koopauuaTel A(0;0) u B (%, O). OcHoBanune TpeyrojbHuKa AB paBHO %, a BBICOTA, OIIyIEHHAsl Ha

HETO, eCTh %. Cie10BaTeNIbHO, IIJIOMIA b paBHA 2 - 3 - I = f—g = 1,6875.

4. Yucna a, b yI0BIETBOPAIOT CUCTEME yDaBHEHMI

3vVa2b® = 4(a? — b?);
5v/atb = a? + b2.

Kakoe nanbosblliee 3Ha1eHNE MOXKET ITPUHUMATH BhIpaskeHue b — 3a?
OtrBer: 112.

Pemenne. Eciu a = 0, To b = 0, u 3nadenne Bbipaxkenus: pasuo 0. Ecim a # 0, To mepeMHOKNIM
ypasHenus u nojtyuum 15a%b* = 4 (a* — b*). O6osnauum t = (%)2 Torma 4t — 15t — 4 = 0, oTKy1a

© MIPT, 2023



t=4nmt=—
a = +2b.

Eci a = 2b, 10 OACTABIIAA B [IEPBOE YPABHEHIE HCXOAHOM CHCTEMBI, ITosydaeM 3v/4b7 = 4 (4b* — b?),
V/4b = 4, 3maunrt, b = 16 u Torma a = 32. Ipu srom Beipazkenue (b— 3a) npuanmaet nadenne (—80).

. 2
i. Tak xkaxk t > 0, MOIXOIUT TOJHKO MEPBBINT KOPEHDb, ITOITOMY (%) = 4, oTKyI1a

Ecmm a = —2b, To HO/ICTaB/IAA B IepBOe YpaBHEHNe UCXOHON CHCTeMbI, oTydaeM 3v/4b7 = 4 (4b% — b?),
v/4b = 4, 3naunt, b = 16 u Torna a = —32. IIpu 3TOM BEIpaskenue (b — 3a) npunumaer 3Hadenue 112.

HawGosbiee BosmoxkHoe 3uadenue (b — 3a) pasno 112.

. [3 G6asmna] B rpeyroabauke ABC' usBectro, uro AB = 19, BC' = 20, AC = 37. OKpyKHOCTb,
BIIMCAHHAS B TPEYTOJBHUK, KacaeTcs ero cropon AB u AC' B roukax (Q u P coorsercrsenno. Haiimure
wiomaab S Tpeyronbauka APQ. B orsere sammmmre ynciao 1118S.

OTrBer: 5 832.

19420437
2

Pentenue. llomynepumerp TpeyroibHUKa paBeH p = = 38. CienoBaTesibHO, €ro IUIONA/h

pasHa S = 4/38(38 — 19)(38 — 20)(38 — 37) = 114. O6o3HAYMM TOUKH KaCAaHHUs BIMCAHHON OKPYZK-
noctu co croponamu AB; AC, BC tpeyrosbuuka uepes @, P, S coorsercrsento. M3secrHo, 1to
OTPE3KH KacaTe/IbHBIX, MPOBEJIEHHBIX K OKPYKHOCTU U3 OJIHOI TOUKM, paBHBI Mexjy coboit. [lo-
sroMy ecau obosHauuth AP = AQ = =z, nonydaem BQ = 19 — x, CP = 37 — x, a 3Ha4wur,
BC = BS+(CS = BQ+ CP = (19 —x) 4+ (37 — z) = 56 — 2z. Cuegosarensno, 56 — 2z = 20

n r = 18. Temepsb MOXkKeM BBIPA3UTH OTHOIEHNE ILIOIMIA/IE TPEYTOJIbHUKOB:

Sapq  05AP-AQ-sinA  AP-AQ 18-18
Sapc  05AB-AC-sinA  AB-AC  19-37

Therefore, Sapg = 122;)17 114 = 324 ¢ B orsere ciemyer nanucars unciio 1115 ono pasno 324-6-3 =
5832.

; 3 2
. [3 Gamna] Haiiure namMeHbinee HOIOKHTeIbHOE elIeHne ypaHenms ‘SG) 4 2lcoszl 1 R
cos T cos(3x)
OTBeTe yKaKuTe HallJIeHHOe pellleHne, YMHOKEHHOe Ha @
OrBerT: 32.
Pentenwne. Ilycts t = COSS?’;”.
a) Eciu cosx > 0, To C:;sgf“‘igs% = —1 u ypaBHEHHUE IPUHUMAET BU/T t—i—% = —1, orkyna t>+t+2 = 0.
DT0 ypaBHEHUE He MMeeT JeHCTBUTETLHBIX KOPHEH.
6) Ecim cosz < 0, o Ccf’jsgf — % = —1 u ypaBHeHHNe TIpUHUMAET BUJ T — % = —lwmt*+t—2=0,
orkyna t; = —2, to = 1.
3 g
[lpu t = —2 monyudaem 532 — _2 410 9KBUBAJICHTHO yDABHEHHIO 1605 2=3€0ST — _ 9 Tag gak
cos T 1 cos ™
cosz < 0,10 4cos’x —3 = —2, cos’x = 3, cosx = —3, & =+ +2mn, n € Z.

[Tpu t = 1 mvmeem 4cos’z —3 =1, cos’z =1, cosz = -1, x =7+ 2mn, n € Z.
HaumMeHbIUM 1OJI0KUTETBHBIM KOPHEM 9TOI0 YPaBHEHUS ABJISETCI Lo = %”, a COTJIACHO YCJIOBHIO B
OTBET HY2KHO 3alllCaATh YUCJIO ﬁ Ty = 32.

. [3 G6anma] Ckosbko mesbix 3uadenuit  u3 uarepBasa 0 < x < 100 yaoBIeTBOpsieT HEPABEHCTBY
5log z—100 9
logz 2—25 > 41

OTBerT: 68.

Pemenwue. Ilycrs t = logs x, Toraa 5;:;20 4 < = > 0. Orcioma t € (—o0;0] U (25;400).
Bosepauasich K HCXOHOM mepementoii, noyaem z € (0;45) U {1} U (32; +00). Cpean HaiigeHHbIX

pemternii mpoMexxyTKy = < 100 mpurasiexar 68.

. [3 6amna] Haitiure KommaecTBo 1e/1bIx 3HAYEHHI TapamMeTpa b, Py KazKI0M U3 KOTOPBIX ypaBHEHUE
sin??z + (b — 3sinz)'! + sin? x + b = 3sin x nvmeer xoTs GBI OJIHO perTeHNe.

OTBerT: 7.
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Pemenue. 3amuimem ypasHenue B sujie sin®? x +sin® x = (3sinz — b)!! + (3sinz — b). Pacemorpum
bynkmmo f(t) = t* + t. Torma ypasuenue npunumaer Buj f (sin2 x) = f(3sinz — b). Oyuknus
f crporo Bospacraer (Kak cymMMa JBYX CTPOro Bospacraroniux ¢ynknuii). [lostomy pasencTso 3ua-
JeHnit (PYHKITNN SKBUBAJIEHTHO PABEHCTBY €€ apryMeHTOB, TO €CTh JJaHHOE yPaBHEHNE PABHOCUIBLHO
ypasHennio sin® x = 3sin x — b. Ilosyuaem, uro b = 3sin x —sin® . Ocraércs 3aMeTHTh, 9TO DYHKIHHA
y = sin x npunumaet 3Hadenus or —1 jo 1, a dynkiua g(y) = 3y — y* Bozpacraer Ha orpeske [—1; 1]
(9TO MOKHO YCTAHOBHTD, HAIIPHMED, BBIYHCINB IPOu3BoAHY0 ¢ (y) = 3 — 2y > 0 npu y € [—1;1]),
pUHUMas Ha HeM Bce 3HadeHuss or —4 10 2. [losTomy mexojiHoe ypaBHEHHE UMEET pelleHue Ipu
—4 < b < 2. Kotm4yecTBo 1e/IbIX 3HAYEHU TapaMeTpa, YAOBICTBOPAIONIINX STOMY YCJIOBHUIO, PABHO 7.
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Bapuanr 4.
1. [2 6anna] Haiiqure nanbosbiiiee BO3MOKHOE 3HAUCHUE BbIpaskeHus (r + 2y), ecau 4ducia T u Y
YAOBJIETBOPSIOT yCaoBuaAM /Y + 102 = 2,4; (\/g — 3) r =x — 0,08.
OtBet: 38,52.

Pemenwue. I13 neproro ypapnenns MOKHO BbIDa3uTh, 9T0 /Yy = 2,4 — 10x. Iloacrasmista Bo BTOpoe

1

ypasuenne, nmeeM (—0,6 — 10x)x = x — 0,08. Perag kBapaTHOe ypaBHEHUE, TOTyIaeM T = —5 mm
_ 1 _ 1 _ 484 963 _

T = 5. Ecmx = —3, 10 y = 57, a sHauenue ppIpaxkenusd (z + 2y) pasno 5. Eem x = 25, oy =4

U 3HavYeHNe BbIpaykeHus (T + 2y) paBHo C.HG,ZLOBaTeJIbHO HanboJIbIIee 3HaUeHne (1 + 2y) — 9TO0

T = 38,52.

15 P —8Yp-
2. |2 6anna] Haiinure nauboiibiiiee 3Ha4eHne BLIPAXKCHI . b VP (8—164/2 ,
p2/3 p2/3 +92 g/pq + 4q2/3 P

eCJIN M3BECTHO, ITO 3 < p < 5; 8 < ¢ < 19.
OrBer: 1,875.

Pentenwne. /lannoe BbipakeHne MOKET OBITH IPE0OPA30BAHO CJIETYIONUM 0Opa30M:

15 pi/3 — 8pl/3q 8p'/3 — 164 15 p—8¢q 15

p2/3 ' p2/3 + 2p1/3 3 4 4q2/3° pl/3 ] (p?/3 + 2p1/3¢1/3 + 4¢2/3) (p\/3 — 2¢1/3) - R

CrenoBaTeIbHO, Ha BCeil 001aCTH onpe;:LeJIeHHﬂ 9TO BBIPayKeHHe PaBHO TOXKJIECTBEHHON KOHCTAHTE,
1 ero HaubOJIbIee 3HaYeHne — 310 —= = 1,875.

3. |2 6asna] O6béM paBUIBLHON TPEYTOIBbHOIN IPU3MbI (B OCHOBAHUH [IPU3MBbI JIEZKUT PABHOCTOPOHHUI
TPeyroJbHUK, & GOKOBbIE PEOPaA MEePIEeHINKY/IAPHbI OCHOBAHUSIM) DaBeH 54+/3. Kakoe HamMeHbImee
3HAYEHNEe MOYKeT NMPUHUMATh CyMMa JIJIMH Bcex eé peédep?

OtrBer: H4.

Pemtenwne. [lycrs pébpa ocHoBaHus paBHBI T, a BBICOTA NPU3MDI PABHA h. O6béM MpU3MBI paBeH
2

%3 - h. Ilo ycmoBuio oH paBeH 544/3, IIO3TOMY TIOJTYydaeM M =54, h = 216 . Tenepb BbIpa3zuM

5 . Qo 648
CyMMy JIMH Beex pébep mpusmbr: S = 3h + 6x = 75 + 6. 9Ta cyMMa HBJ‘IHeTCﬂ dyukiumeit ojHoi

JIEACTBUTE/ILHON IIepeMeHHON &; €€ Ipou3BoaHas pasHa S’ ( ) = 1296 + 6. HectoxkHo BUI€TH, 9TO
[IPOM3BO/IHAS OTpUIlaTe/bHa pu © < 06, oOpamaercss B HOJb an r = 6 ¥ IOJIOXKUTE/IbHA IIPH
x > 6. CieroBaresibio, x = 6 — Touka MuanMyMa GyHKuu S(z), a HaMMeHbIlee 3HaUeHne S — 3To

S(6) = &2 + 36 = 54.

L > —x?

4. |3 6asnna] CkoIbKO NEJbIX 3HAYEHUN X YJOBJIETBOPsIET HEPABEHCTBY

OTBeT: 20.

Pemtenne. O/13 nepasenctBa — npomexxyTok (—2;18]. Ecau = € (0; 18], To 7eBast 9acTh HepaBeH-
CTBa HeOTpHIATe/bHA, a [IpaBas oTpuiareibHa. [losTomy Bee 3HaueHns r u3 npomexyrka (0; 18] —
peliernst 1CXoHOro HepasencTsa. llyers € (—2; 0]. Torga x + 2 > 0 u ucxojHOE HEPABEHCTBO
PABHOCUJIBHO KayKJIOMY U3 HEPABEHCT 128;?’"
muorousiena P(x) = 2% + 222 + z — 18, to P(z) moxuo upejcrasuth B suje (v — 2)(z* + pr + q).
JLst HaXOXKIeHU s HEM3BECTHBIX KOIMMUIMEHTOB P U ¢ MOXKHO BOCIIOJIb30BATHCS JTUOO JTeJIeHUEM MHO-
rOYJIEHOB YIOJIKOM, & MOYKHO PACKPBITh CKOOKHU M IIPUPABHATH KOI(PMUIMEHTH MHOTOWICHOB JIPYT
apyry: o3 +22% +x — 18 = 23+ (p—2)2? + (¢ — 2p)x — 2q, orKyma 2 = p—2, 1 = ¢ —2p, —18 = —2¢,
asmaunt, p =4, ¢ = 9u P(z) = (x — 2)(z* + 42+ 9) = (v — 2) ((z + 2)? + 5). CnenoaresnsbHo,
Hepasencrso P(x) < 0 ozmavaer, uro = < 2. Orciofa Bce 3uadenus v € (—2; 0] — pereHust nCxo/1-
HOTO HEPABEHCTBA, & €ro MHOXKECTBO DelleHuii — oobenuaerne npomexyTtkos (—2; 0] u (0; 18], T.e
npoMexkyTok (—2; 18]. KosmiaecTBo 1esibix dqucest Ha 9TOM TPOMeKyTKe paBHO 20.

2+z
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cos3zr—sinx  __ o
cosBr—sin3z 1.B (;TBeTe YKazKuUTe CyMMY KOPpHEU ypaBHEHHA, JIe2Ka-

X Ha OTpe3Ke 37 < & < 157, yMHOXKEHHYIO Ha =
OrtBet: 1332.

Pemnienne. ypaBHeHI/Ie PaBHOCUJIBHO KazK/IOMY M3 CJICAYIONIUX ypaBHeHI/Iﬁ

. |3 6asna] Pemure ypasHenue

sin (— — 3m) —sinx coS (Z — x) sin (% — 2$)
: =1, ; =1,
sin (— — 5x) — sin 3z cos (— — x) sin (% — 4x)
OTKY/Ia sin (43: — —) + sin (Z — 2:0) = 0, wum sin x cos (3:6 — %) = 0. Kopuu nocsiesinero ypasuenus

r=mn,r=75+ ?, n € 7 yIOBJIETBOPAIOT YCJIOBHIO

T LT
cos (— — :c) sin (— — 4:c> # 0.
4 4
JL1st HaXOXKIeHUsT CyMMbI KOpHEll ypaBHEHHS Ha OTPE3Ke PACCMOTPUM JJIsI Hada Ia KaxK/1yio U3 cepuit

IO OTJEJLHOCTH:

37+ 15
37r+47r+...+157r:¥-13=117w;

T 97 7 107 T 447 T
(Z+?>+<Z+T)+...+(Z+T)—36 Z+§(9+10+...+44)—
7T 9+44

=914+ - —— - 36 = 97 + 3187 = 327~.
3 2
Ocraérest 3aMeTUTh, 9TO HaliJICHHBIE CEPUU DPEIeHWil He MepeceKkaroTcs (9TO MOXKHO YCTaHOBHUTH,
HaIpuMep, M306pasnuB BCe peIleHrsi HAa TPUTOHOMETPUYECKOH OKPYZKHOCTH). SHAUUT, CyMMa BCEX
pelennii Ha JIAHHOM ITPOMEXKYTKe ecTh 1177 + 32771 = 4447. B oTrBeTe HEOOXOIMMO 3AIUCATEH YUCTIO
3. 4441 = 1332.

. [3 Ganma] Ckosbko mesbix 3uadenuii  u3 uarepasa 0 < x < 100 yaoBiIeTBOpsieT HEPABEHCTBY

logg @ > 2 3 2
logs(25) ~ Wrse | logletogsa® |
OTser: 36.

Pemienue. Ilycts t = logg x. Torma sHepaBeHCTBO IpUHIMAaET BU/I

t >2+ 3
t—27 ¢t 22—t

[TepeHocst Bce WIEHBI B OJIHY CTOPOHY, IIPHBO/IA K OOIIEMY 3HAMEHATEJIIO U YIIPOITAst, TMeeM (( 0 1;? >0,
orkyga t € (—o0;0) U {1} U (2;+00). Bosepammascs K ncxojHoii nepemennoii, mosxydaem: x € (0;1) U
{8} U (64; +00). Cpeu HaiijieHHbIX pemiennii mpomexxyTky = < 100 mpunasyexar 36.

. [3 6anua] B tpeyronbuuke ABC nposejena mepuana AM. Touku F u T — npoexiuu touku M Ha
cropoubl AB u AC' coorsercrBenno. Haiinure mwiomans S rpeyrosnbauka ABC, eciim u3BeCTHO, 9TO
AM =13, AF = 2/13, AT = 12. B orBete 3anumure Besmanny 23.S5.

OrBer: 2535.

Pemenmne. [1ponomxum memany AM 3a Ttouky M u myctsb D — Takas TOYKaA HA TPOJIOIZKEHIN, ITO
AM = MD. Oboznaunm takxke /BAM = «, a ZCAM = . B gernipéxyrompuuke ABDC nnaro-
HaJIM TOYKOIl IepecevdeHns JIesT JIPYT JAPyra MOMOJIaM, IIO9TOMY OH SBJISETCH MapaJlIeIorpaMMOM.
NzBectro, uTo Kak/ias U3 JAuaroHaJeil JeuT HapaJjiiesiorpaMM Ha JIBa PABHBIX TPEYTOJIbHUKA. DTO
03HAYAET, 9TO II0Mma/ (b Tpeyroybhunka ABC pasna miomau rpeyroibanka AC'D (Tak Kak obe 1110-
I1[a/I1 PABHBI TIOJIOBUHE IJIOMIA/H TTapaJlIeIorpaMMa ).

PaccmarpuBas npsimoyrosbabie TpeyronbHuku AM F u AT F| MoykeM BBIPA3UTh, 9TO COS (v = 2—]\};{ =
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\/%, cosff = If—]@ = % Buaunr, sina = V1 —cos?a = \/ifs’ sinff = %, sinfm — a — ) =

sin(a + f8) = sinacos B + cosasin = - 3%. [Tpumensis kK Tpeyronbauky ACD Teopemy cumy-
AD  _ AC. —9@. .3 . _46  _ 507
COB, MMEEM gy = =) CJIE/I0BATEbHO, AC = 26 TG BvG T 3 OkoHTaTeIbHO TTOIyIaeM,
— L, . . gi — 1, 507, .5 253
aTo momab rpeyroibiuka ACD pasna A = 5 - AC - AD -sinf = 5 - 55 - 26 - 13 = =22, 3nauenue

BbIpaskennst 23A ectb 2 535.

. [3 6a.TI.J'Ia] Haitiiure cymmy KBajipaToB 3HaYeHUl tapaMerpa t, Ipu KazKJIOM U3 KOTOPBIX YpaBHEHUE
(P +a+2 + 1) =822+ +1)

UMeeT POBHO OJIMH KOPEHb.
Orser: 0,75.

Pemenne. Cienaem sameny y = 22 + x + 1. Torja nostyuanm ypasnenne (y + 2t%)? = 8t%y, koropoe
npeobpasyercs K suiy (y — 2t2)% = 0, orkyza y = 2t2. 3naunt, 22 + x + 1 — 2t? = 0. 1o ypasHenue
IMeeT POBHO OJIHO PeleHne TOT/Ia U TOJILKO TOIVIa, KOTJIa ero MUCKPUMIHAHT paBeH Hy/o. Ilorydaem
1—4(1—-2t3) =0; 82 =3; t = j:\/g . 3HAYUT, CyMMa KBaJIpaTOB MCKOMBIX 3HAYEeHUI rmapaMerpa t
pasHa 0,75.
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